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“Rationalizing Denominator”

Question: How to rationalize the denominator of NTEE

Hint: Use v/2 — 1.
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“Rationalizing Denominator”

Question: How to rationalize the denominator of NTEE

Hint: Use v/2 — 1.

. V2-1 _
Answer: i) = V2 —1.
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“Rationalizing Denominator”

Question: How to rationalize the denominator of —2—?

V241’
Hint: Use v/2 — 1.

. V2-1 _
Answer: i) = V2 —1.

Question: How to “rationalize” the denominator of %JH.?
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Complex Numbers

“Rationalizing Denominator”

Question: How to rationalize the denominator of —2—?

V241
Hint: Use v/2 — 1.

. V2-1 _
Answer: i) = V2 —1.

Question: How to “rationalize” the denominator of %JH.?
Hint: Use 1—/ (Conjugate).
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Complex Numbers

“Rationalizing Denominator”

Question: How to rationalize the denominator of —2—?

V241’
Hint: Use v/2 — 1.

. V2-1 _
Answer: i) = V2 —1.

Question: How to “rationalize” the denominator of %JH.?
Hint: Use 1—/ (Conjugate).

1-i 1.
awna—n — 2 -

Answer:
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SEIES

z1=8+3iand zo =92/, find %
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Complex Numbers Division

Complex Conjugate Numbers

Polar Form of Complex Numbers
SEIES

z1=8+3iand zp =9—2/, find %
_ 813 (8431)(942i) _ 66 , 43:
Solution £ = g*5; = (6—21)(9+2) — 85 T 85'"
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Complex Numbers Division

Complex Conjugate Numbers

Polar Form of Complex Numbers
SEIES

Example

z1=8+3iand zo =92/, find %

Solution Z—; — 8430 _ (8431)(9+2i)

L R
7z 9-2i — (9-2i)(9+2/) — 8 ' 85'

Exercise

| \

z1 = x1 +iy1and z = x> + iy, find %

A
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|dentities of Conjugate

The complex conjugate Z of a complex number z = x+ 1y is
defined by z = x — iy.

Identities 1
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|dentities of Conjugate

The complex conjugate Z of a complex number z = x+ 1y is
defined by z = x — iy.

Identities 1

v
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SEIES

Let zz =4+ 3i and z, =2+ 5i. Verify that (z122) = z1 2,.
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SEIES

Let zz =4+ 3i and z, =2+ 5i. Verify that (z122) = z1 2,.

Solution

(z122) = (4+31)(2+51) = (—7 +261) = —7 — 26i
712, = (4—3i)(2—5i) = —7—26i
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Complex Numbers

SEIES

Let zz =4+ 3i and z, =2+ 5i. Verify that (z122) = z1 2,.

Solution

(z122) = (4+31)(2+51) = (—7 +261) = —7 — 26i
712, = (4—3i)(2—5i) = —7—26i

v

Verify the other identities for zz =4+ 3/ and zp =2+ 5i.
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Complex Numbers

Definitions

@ Polar coordinates r, 6 defined by x = rcos0, y = rsin6.
@ z = x+ iy takes the so-called polar form z = r(cos6 +isin0)

o The absolute value or modulus of z , r, is denoted by |z|.

|z| =r=+/x2+y2=+/2Z.
e The argument of z, 0, is denoted by argz.
6 =argz =arctanZ.
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SEIES

Let z =1+, find the polar form of z.
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Complex Numbers

SEIES

Let z =1+, find the polar form of z.

Solution z = v/2(cos 7 +sin 7). Hence, r = |z| = v/2 and
argz=3m+2nm (n=0,1,...).
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Complex Numbers

SEIES

Let z =1+, find the polar form of z.

Solution z = v/2(cos 7 +sin 7). Hence, r = |z| = v/2 and
argz=3m+2nm (n=0,1,...).

Let z = 3+3/3i, find the polar form of z.
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The Geometrical Meaning of Multiplication and Division

Complex Numbers

Let z; = r1(cos 61 +isin61) and z; = ry(cos B, + isin 6,).

Multiplication

7120 = rira[cos(61 + 62) + isin(6; + 62)](Why?7?)
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The Geometrical Meaning of Multiplication and Division

Let z; = r1(cos 61 +isin61) and z; = ry(cos B, + isin 6,).

Multiplication

7120 = rira[cos(61 + 62) + isin(6; + 62)](Why?7?)

° |z122] = |z1]| 22|
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Complex Numbers

The Geometrical Meaning of Multiplication and Division

Let z; = r1(cos 61 +isin61) and z; = ry(cos B, + isin 6,).

Multiplication

712y = rirfcos(61 + 62) + isin(6; + 6)](Why?7?)
° |z122| = |12

e arg(z1z) =argz +argz
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The Geometrical Meaning of Multiplication and Division

Complex Numbers

Let z; = r1(cos 61 +isin61) and z; = ry(cos B, + isin 6,).

7120 = rira[cos(61 + 62) + isin(6; + 62)](Why?7?)

° |z122] = |z1]| 22|

e arg(z1z) =argz +argz

4

Division

21/22 = r1/r2[cos(91 = 92) aF iSin(Gl = 92)](Why77)
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The Geometrical Meaning of Multiplication and Division

Complex Numbers

Let z; = r1(cos 61 +isin61) and z; = ry(cos B, + isin 6,).

7120 = rira[cos(61 + 62) + isin(6; + 62)](Why?7?)

° |z122] = |z1]| 22|

e arg(z1z) =argz +argz

4

21/22 = r1/r2[cos(91 = 92) + iSin(Gl = 92)](Why??)

° |z1/z2| = |z1]/|2|
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The Geometrical Meaning of Multiplication and Division

Complex Numbers

Let z; = r1(cos 61 +isin61) and z; = ry(cos B, + isin 6,).

7120 = rira[cos(61 + 62) + isin(6; + 62)](Why?7?)

° |z122] = |z1]| 22|

e arg(z1z) =argz +argz

4

z1/z2 = r1/ra[cos(6; — 02) + isin(61 — 62)](Why?7)
° |z1/z| = |z1|/|z]
o arg(zi1/z) =argz; —argz
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Complex Numbers

Powers and Roots

Integer powers of z
z" = r"(cosnB +isinn@) (why?7?)
*De Moivre's formula: (cos6 + isin8)” = cosnB + isinn6

CAl, Sheng Tutorial 2



Division
Complex Conjugate Numbers
Polar Form of Complex Numbers

Complex Numbers

Powers and Roots

Integer powers of z

z" = r"(cosnB +isinn@) (why?7?)
*De Moivre's formula: (cos6 + isin8)” = cosnB + isinn6

nth root of z

Uz = {/r(cos 2L  jsin 842KT) \where k=0,1,...,n—1.
(Why??)

*nth roots of unity: /1= cos 2% - jsin 2kZ)

\

CAl, Sheng Tutorial 2



Division
Complex Conjugate Numbers
Polar Form of Complex Numbers

Complex Numbers

Puzzle

CAl, Sheng Tutorial 2



Division
Complex Conjugate Numbers
Polar Form of Complex Numbers

Complex Numbers

Puzzle

Hint: What is e/2?
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Complex Numbers Dz .
Complex Conjugate Numbers
Polar Form of Complex Numbers

Puzzle

Hint: What is e/2?

T - .
e'2 =cosf +ising =i
—Ini=i% = ilni=—

V3
2
Since i’ = e/ therefore /' = e
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© Derivative
@ Monotonicity and the Sign of the Derivative
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Derivative Monotonicity and the Sign of the Derivative

Definitions and Rules

@ Definition

e A function f(x) is increasing on an interval / iff for any
x1,x% €1 x1 < xo implies f(x1) < f(x0).

o A function f(x) is decreasing on an interval / iff for any
X1,X9 € | x1 < x |mp||es f(Xl) > f(Xz).

@ Rules (Why?? Hint: definition of derivative)

o f'(x) >0 for all x in the interior of / exactly if f(x) is
increasing on all of /;
o f'(x) <0 for all x in the interior of / exactly if f(x) is

decreasing on all of /;
o f'(x) =0 for all x in the interior of / exactly if f(x) is constant

on all of /.
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Derivative Monotonicity and the Sign of the Derivative

e

Sketch the function f(x) =2x3 —3x? —12x+1
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Derivative Monotonicity and the Sign of the Derivative

e

Sketch the function f(x) =2x3 —3x? —12x+1
Solution f/(x) = 6x2 —6x — 12 = 6(x —2)(x — 1).
fi(x)>0 ifx<-—1
fl(x)<0 if —1<x<2
f'(x)>0 ifx>2
f'(x)=0 iffx=—-1lorx=2
So f(x) is increasing on the intervals (—eo, —1] and
[2,00), and f(x) is decreasing on the interval [—1,2].

Verify your sketch by the maxima code:
wxplot2d([2*x~3-3*x " 2-12*x+1], [x,-5,5],[y,-20,10])$

So we have
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Derivative Monotonicity and the Sign of the Derivative

Exercises

Exercisel

Find the intervals on which f(x) = x+sinx is increasing or
decreasing.

| A

Exercise2

Without calculating the numerical results, can you tell me which
number is larger,e™ or €7 (Hint: 1. Monotonicity of a function or
2. Taylor's series of €X)
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